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Abstract
Given an integer k ≥ 1 and any graph G, the path graph Pk(G) has for vertices the paths
of length k in G, and two vertices are joined by an edge if and only if the intersection of the
corresponding paths forms a path of length k − 1 in G, and their union forms either a cycle
or a path of length k + 1.
Path graphs were investigated by Broersma and Hoede [Path graphs, J. Graph Theory
13 (1989), 427-444] as a natural generalization of line graphs. In fact, P1(G) is the line graph
of G. For k = 1, 2 results on connectivity of Pk(G) have been given for several authors. In
this work we present a sufficient condition to guarantee that Pk(G) is connected for k ≥ 2 if
the girth of G is at least (k + 3)/2 and its minimum degree is at least 4. Furthermore, we
determine a lower bound of the vertex-connectivity of Pk(G) if the girth is at least k+1 and
the minimum degree is at least r + 1 where r ≥ 2 is an integer.
Keywords: connectivity, r-connected, path graphs.
1 Introduction
Throughout this paper only undirected simple graphs without loops or multiple edges are con-
sidered. Unless stated otherwise, we follow Chartrand and Lesniak [6] for terminology and
definitions.
∗This work has been published in Discrete Applied Mathematics, 155(13) (2007) 1745–1751
†This research was supported by the Ministry of Science and Innovation, Spain, and the European Regional
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A graph G is said to be connected if any two vertices can be joined by a path. A graph G
is r-connected (r ≥ 2) if either G is a complete graph Kr+1 or else it has at least r + 2 vertices
and no set of r − 1 vertices separates it.
The aim of this paper is to study the connectivity of Pk-path graphs. Following the notation
that Knor and Niepel used in [9], given a positive integer k and a graph G, the vertex set of the
Pk-path graph Pk(G) is the set of all paths of length k of G, two vertices of Pk(G) are joined
by an edge if and only if the intersection of the corresponding paths forms a path of length
k − 1 in G, and their union forms either a cycle or a path of length k + 1. This means that
the vertices are adjacent if and only if one can be obtained from the other by “shifting” the
corresponding paths in G. It is worth mentioning that path graphs are very related to sequence
graphs defined by Fiol, Yebra and Fabrega [8]. Instead of considering the paths of G of length
k as vertices, these authors consider the walks of G (not necessarily different vertices) of length
k, the adjacency being the same.
Path graphs were introduced by Broersma and Hoede [5] as a natural generalization of line
graphs, because for k = 1 path graphs are just line graphs. Since then, most of the work carried
out focused in case k = 2. Thus, Broersma and Hoede [5] characterized the graphs that are
P2-path graphs; a problem with their characterization was resolved by Li and Lin [14]. The
determination problem for P2-path graphs is solved in [1, 16, 17, 18], and distance properties
of path graphs are studied in [4, 11]. Results on the edge connectivity of line graphs are given
by Chartrand and Stewart [7], later by Zamfirescu [20], and recently by J. Meng [19]. Recent
results on vertex connectivity of iterated line graphs are provided by Knor and Niepel [12]. The
vertex-connectivity of P2-path graphs has been studied by Knor, Niepel and Mallah [13] and by
Li [15]. From a result showed in [11], it is not difficult to see that if G is a connected graph with
at most one vertex of degree one, then P2(G) is also connected. In [2] the edge connectivity of
P2-graphs is studied giving lower bounds on the edge connectivity which are expressed in terms
of the edge-connectivity of G. These latter bounds are generalized in [3] for k ≥ 2. Recently,
Knor and Niepel [10] have studied the connectivity of P3-path graphs, and furthermore the
following sufficient condition to guarantee connected Pk-path graphs for k ≥ 2 is easily derived.
Theorem A: [10] Let k ≥ 2 be an integer. Let G be a connected graph of minimum degree
δ(G) ≥ 2 and girth g(G) ≥ k + 1. Then Pk(G) is connected.
In this work we show that the condition on the girth of Theorem A can be relaxed if the min-
imum degree is at least 4. Furthermore, we determine a lower bound of the vertex-connectivity
of Pk(G) if the girth is at least k + 1 and the minimum degree is at least r + 1 where r ≥ 2 is
an integer. More precisely we prove the following two theorems.
Theorem 1.1 Let k ≥ 2 be an integer. Let G be a connected graph of minimum degree δ(G) ≥ 4
and girth g(G) ≥ d(k + 3)/2e. Then Pk(G) is connected.
Theorem 1.2 Let k, r ≥ 2 be integers. Let G be an r-connected graph of minimum degree
δ(G) ≥ r + 1 and girth g(G) ≥ k + 1. Then Pk(G) is r-connected.
Notice that Theorem 1.2 can be seen as a generalization of Theorem A, because for r = 1
Theorem 1.2 is just Theorem A.
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2 Proofs
Let us consider a positive integer k ≥ 2. Let us denote by U = (u0u1 · · ·uk) a vertex in Pk(G),
and by U : u0, u1, . . . , uk the corresponding path of length k in G. We would like to emphasize
that ui 6= uj for every pair of vertices included in U , and that U = (u0u1 · · ·uk) = (ukuk−1 · · ·u0).
Lemma 2.1 Let k ≥ 2 be an integer. Let G be a connected graph of minimum degree δ(G) ≥ 4
and girth g(G) ≥ d(k + 3)/2e. Suppose that U = (u0u1 · · ·uk) and V = (v0v1 · · · vk) are two
vertices in Pk(G) such that uk = vk. Then there is a path from U to V in Pk(G).
Proof: Let i be the smaller integer in {1, 2, . . . , k} such that ul = vl for l = i, . . . , k. See Figure
1.
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Figure 1: Two paths in G defining two vertices U and V in Pk(G) with uk = vk.
Notice that it could exist some s, l ∈ {0, . . . , i − 1} in such a way that {u0, . . . , us} ∩
{v0, . . . , vl} 6= ∅, see Figure 2.
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Figure 2: Two paths in G defining two vertices U and V in Pk(G) with uk = vk.
First of all, let us see that the graph G contains a path uk = t0, t1, . . . , ti such that tj 6∈
{uj , uj+1, . . . , uk} ∪ {vj , vj+1, . . . , vk} for each j = 1, 2, . . . , i.
If k = 2, 3 the lemma is clear because δ(G) ≥ 4. So assume k ≥ 4. We reason by contradiction
assuming that there exists some j ∈ {1, 2, . . . , i} such that each neighbor z of tj−1 except
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tj−2 (uk−1 if j = 1) satisfies z ∈ {uj , uj+1, . . . , uk} ∪ {vj , vj+1, . . . , vk}. Since g(G) ≥ d(k +
3)/2e it follows that NG(tj−1) ⊆ {tj−2} ∪ {uj , . . . , uj+b(k−3)/2c} ∪ {vj , . . . , vj+b(k−3)/2c}. But
since δ(G) ≥ 4, we may suppose that there are at least two vertices in {uj , . . . , uj+b(k−3)/2c}
adjacent to tj−1. This means that G contains a cycle of length at most b(k + 1)/2c against the
assumption g(G) ≥ d(k + 3)/2e. Consequently there exists a vertex tj ∈ NG(tj−1) such that
tj 6∈ {uj , uj+1, . . . , uk} ∪ {vj , vj+1, . . . , vk}.
As a consequence of the above fact we can find in Pk(G) the following path
Z : U = (u0 · · ·uk−1t0), (u1 · · ·uk−1t0t1), . . . ,
(ui · · ·uk−1t0t1 · · · ti) = (vi · · · vk−1t0t1 · · · ti), (vi−1 · · · vk−1t0t1 · · · ti−1), . . . ,
(v0 · · · vk−1t0) = (v0 · · · vk−1vk) = V.
Since the path Z joins vertex U with vertex V in Pk(G) the lemma follows.
Proof: of Theorem 1.1: Given two vertices A = (a0a1 · · · ak) and B = (b0b1 · · · bk) of Pk(G)
we will show that A and B can be joined by a path in Pk(G). To do that we distinguish two
cases:
Case 1: Suppose that {a0, . . . , ak} ∩ {b0, . . . , bk} 6= ∅.
We may assume that as = bi for some s, i ∈ {0, . . . , k} such that if s < k then {b0, . . . , bk} ∩
{as+1, . . . , ak} = ∅. Let r, 0 ≤ r ≤ s, be the maximum integer such that
as−j = bi+j , for each j = 0, . . . , r,
see Figure 3. That is, we have
{bi+r+1, . . . , bk} ∩ {as−r, . . . , ak} = ∅
and
{b0, . . . , bi} ∩ {a0, . . . , as} = ∅.
(1)
Notice that it might be {bi+r+1, . . . , bk} ∩ {a0, . . . , as−r−1} 6= ∅, see Figure 4.
First suppose i+ s ≤ k. Then the walk
w0, w1, . . . , wn = bk, . . . , bi+r+1, as−r, . . . , as, . . . , ak
is a path because of (1) of length n = 2k − (i + s) ≥ k. Applying Lemma 1 to vertices
A = (a0a1 · · · ak) and V1 = (wn−k · · ·wn) = (bi+sbi+s−1 · · · bi+r+1as−r · · · ak) we can consider in
Pk(G) a path Z1 joining A with V1. Moreover, since n ≥ k we can find in Pk(G) the path
Z2 : V1 = (wn−k · · ·wn), . . . , (w0 · · ·wk) = (bk · · · bi+r+1as−r · · · as+i) = V2.
Notice that if n = k then V1 = V2 and Z2 is a path of length zero. Finally, by applying Lemma
1 to two vertices V2 = (wk · · ·w0) = (as+i · · · as−rbi+r+1 · · · bk) and B = (b0b1 · · · bk) we obtain
that there exists another path Z3 joining these two vertices V2 and B. Therefore, the walk
Z1 ∪ Z2 ∪ Z3 connects the vertices A and B in Pk(G), hence the theorem holds.
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Figure 3: Detail of paths of G corresponding to vertices A and B of Pk(G).
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Figure 4: Detail of paths of G corresponding to vertices A and B of Pk(G).
Second, suppose i+ s > k. Then the walk
w0, w1, . . . , wn = a0, . . . , as−1, bi, . . . , b0,
is a path because of (1) of length n = i+ s > k. Applying Lemma 1 to vertices B = (bkb1 · · · b0)
and V1 = (wn−k · · ·wn) = (as−(k−i) · · · as−1bi · · · b0) we can consider in Pk(G) a path Z1 joining
B with V1. Moreover, since n > k we can find in Pk(G) the path
Z2 : V1 = (wn−k · · ·wn), . . . , (w0 · · ·wk) = (a0 · · · as−1bi · · · bi−(k−s)) = V2.
Finally, by applying Lemma 1 to two vertices V2 = (wk · · ·w0) = (bi−(k−s) · · · bias−1 · · · a0) and
A = (akak−1 · · · a0) we get that there exists another path Z3 joining these two vertices V2 and
A. Therefore, the walk Z1 ∪ Z2 ∪ Z3 connects the vertices B and A in Pk(G), and the theorem
holds.
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Case 2: {a0, . . . , ak} ∩ {b0, . . . , bk} = ∅.
Since G is a connected graph, there exists in G a path
Z : al = z0, z1, . . . , zh = bk,
joining al (l ∈ {0, . . . , k}) with bk in such a way {z1, . . . , zh}∩{a0, . . . , ak} = ∅. Let zr = bi with
r ≥ 1 and i ∈ {0, . . . , k} be such that {z0, . . . , zr−1}∩{b0, . . . , bk} = ∅, see Figure 5. Notice that
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Figure 5: Detail of disjoint paths of G corresponding to vertices A and B in Pk(G).
we may assume l + i− r ≤ k, because otherwise it is enough to interchange aβ with ak−β or bβ
with bk−β or both. Then the walk
w0, . . . , wn = ak, . . . , al, z1, . . . , zr, bi+1, . . . , bk
is in fact a path of G of length n = 2k + r − l − i ≥ k. By applying Lemma 1 to vertices
A = (a0a1 · · · ak) and W1 = (wk · · ·w0) = (wk · · · al · · · ak) there exists in Pk(G) a path Z1
joining A with W1. Moreover, since n ≥ k we can find in Pk(G) the path
Z2 :W1 = (wk · · · al · · · ak), (wk+1 · · · al · · · ak−1) . . . , (wn · · ·wn−k) =W2.
Observe that if n = k then W1 = W2 and Z2 is of length 0. Finally, by applying Lemma 1 to
vertices W2 = (wn−k · · ·wn) = (wn−k · · · bi · · · bk) and B = (b0b1 · · · bk) there exists other path
Z3 joining these two vertices W2 and B. Consequently, the walk Z1 ∪ Z2 ∪ Z3 connects the
vertices A and B in Pk(G), and the theorem holds.
Proof: of Theorem 1.2: In order to prove the result we apply Menger’s Theorem, i.e., given
two vertices of Pk(G), say A = (a0 · · · ak) and B = (b0 · · · bk), we will show that there exist r
internally-vertex-disjoint paths in Pk(G) joining A with B.
Since bk 6= b0 we may assume that ak 6= bk. As G is r-connected, by applying Menger’s
Theorem, there exist r internally-vertex-disjoint paths in G connecting ak with bk. Let us denote
these paths by
Zi : ak = zi0, z
i
1, . . . , z
i
hi
= bk, for i = 1, . . . , r.
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First, let us find r−2 internally-vertex-disjoint paths in Pk(G) joining A with B. Since the paths
Zi are internally-vertex-disjoint we have
zi1 6= ak−1 and zihi−1 6= bk−1 for i = 1, . . . , r − 2.
Moreover, due to g(G) ≥ k + 1 we have
zij 6∈ {aj , aj+1, . . . , ak} for 1 ≤ j ≤ min{hi, k}, i = 1, . . . , r − 2. (2)
zihi−j 6∈ {bj , bj+1, . . . , bk} for 1 ≤ j ≤ min{hi, k}, i = 1, . . . , r − 2. (3)
Let us consider the walks
Pi : a0, a1, . . . , ak, zi1, . . . , zihi−1, bk, bk−1, . . . , b0, i = 1, . . . , r − 2,
and notice that if hi ≤ k, then bk−j 6∈ {ahi+j , . . . , ak} for 0 ≤ j ≤ k−hi. Otherwise the subwalk
ahi+j , . . . , ak, z
i
1, . . . , z
i
hi−1, bk, bk−1 . . . , bk−j contains a cycle of length at most k < g(G), which
is a contradiction. This fact together with (2) and (3) allows to find a a path from A to B
in Pk(G) by “shifting” all subwalks of length k of P starting in A. Since the paths Zi are
internally-vertex-disjoint in G it is evident that the corresponding induced paths Z∗i in Pk(G)
are internally-vertex-disjoint in Pk(G).
As regards Zr−1 and Zr there are two cases to distinguish:
Case (a): Suppose that zr1 = ak−1 and zrhr−1 = bk−1. Then z
r−1
1 6= ak−1 and zr−1hr−1−1 6= bk−1
and therefore, the walk Pr−1 induces a new internally-vertex-disjoint path in Z∗r−1 in Pk(G).
Thus it remains to find a path Z∗r in Pk(G) joining A with B internally-vertex-disjoint with Z∗i
for each i ∈ {1, . . . , r − 1}.
Since g(G) ≥ k + 1, it follows that for each j ∈ {1, 2, . . . , k} there exist two paths ak =
t0, t1, . . . , tj , and bk = t∗0, t∗1, . . . , t∗j such that tj 6∈ {aj , . . . , ak} and t∗j 6∈ {bj , . . . , bk}. In fact
we can take these paths in such a way that t1 6∈ {z11 , . . . , zr−11 } and t∗1 6∈ {z1h1−1, . . . , zr−1hr−1−1},
because δ(G) ≥ r + 1. Let us consider the walk
wr0, w
r
1, . . . , w
r
nr = tk−1, . . . , t0, z
r
1, . . . , z
r
hr , t
∗
1, . . . , t
∗
k−1,
of length nr = 2k − 2 + hr. We can find in Pk(G) the following walk connecting A with B:
Z∗r : A = (a0a1 · · · ak), (a1 · · · akt1), . . . , (ak−1akt1 · · · tk−1) = (wrk · · ·wr0),
(wrk+1 · · ·wr1), . . . , (wrnr−k · · ·wrnr) = (bk−1bkt∗1 · · · t∗k−1),
(bk−2bk−1bkt∗1 · · · t∗k−2), . . . , (b0 · · · bk) = B.
Moreover, since Zr is internally-vertex-disjoint with Zi in G and besides t1 6= zi1 and t∗1 6= zih−1 for
all i = 1, . . . , r−1, we deduce that Z∗r is internally-vertex-disjoint with Z∗i , for all i = 1 . . . , r−1.
Case (b): Suppose that zr1 = ak−1 and zrhr−1 6= bk−1, and that zr−11 6= ak−1 and zr−1hr−1−1 =
bk−1.
As g(G) ≥ k + 1 there exist two paths
ak = t0, t1, . . . , tk−1, and bk = t∗0, t∗1, . . . , t∗k−1 such that
tj 6∈ {aj , . . . , ak} and t∗j 6∈ {bj , . . . , bk}, for each j ∈ {1, 2, . . . , k − 1}.
(4)
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Moreover we can take these paths in such a way that t1 6∈ {z11 , . . . , zr−11 } and t∗1 6∈ {z1h1−1, . . . , zrhr−1}
because δ(G) ≥ r + 1. First we will construct the path Z∗r .
Let us consider the walk formed by the union of the paths {tk−1, . . . , t0}, {zr0, . . . , zrhr} and
{bk, . . . , b0}, denoted by wr0, wr1, . . . , wrnr , thus nr = 2k − 1 + hr. We can construct in Pk(G) the
following walk connecting A with B:
Z∗r : A = (a0a1 · · · ak), (a1 · · · akt1), . . . , (ak−1akt1 · · · tk−1) = (wrk · · ·wr0),
(wrk+1 · · ·wr1), . . . , (wrnr−k · · ·wrnr) = (bk · · · b0) = B.
Notice that Zr is internally-vertex-disjoint in G with the paths Zi and t1 6= zi1, for i =
1, . . . , r−1. So Z∗r is internally-vertex-disjoint in Pk(G) with the paths Z∗i . To construct a path
Z∗r−1 we proceed in an analogous way to find the path Z∗r changing A with B.
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